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Academia.edu use cookies to customize content, tailor ads, and improve the user experience. By using our site, you agree to our collection of information through the use of cookies. To learn more, see our frequently x privacy questions on rotational motion 5.6.1 Use dual integrals to locate the center of the mass of a two-dimensional object. 5.6.2 Use dual integrals to find the moment of inertia of a two-dimensional object. 5.6.3 Use triple integrals to locate the center of the mass of a three-dimensional object. We have already discussed a
few applications of several integrals, such as finding areas, volumes and the average value of a function across a demarcated region. In this section we develop computational techniques to find the center of mass and moments of inertia of several types of physical objects, with double integrals for a lamina (flat plate) and triple integrals for a three-dimensional object with variable density. Density is usually considered a constant number when the lamina or object is homogeneous; that is, the object has uniform density. The mass center is
also known as the center of gravity if the object is in a uniform gravitational field. If the object has uniform density, the mass center is the geometric center of the object, which is called the centroide. Figure 5.64 shows a point PP as the center of mass of a lamina. Lamina is perfectly balanced about its center of mass. Figure 5.64 A lamina is perfectly balanced on a spindle if the mass centre of the laminate is located on the spindle. To find the coordinates of the center of mass P(x-,y—)P(x-,y-) of a lamina, we need to find the moment MxMx
of the lamina on the x-axisx axis and the moment MyMy on the y-axis.y axis axis. We also need to find lots of lamina. Then x-=Mymandy-=Mxm.x—=Mymandy—-=Mxm. Refer to Mass Moments and Centers for the definitions and methods of single integration to find the mass center of a one-dimensional object (for example, a thin rod). We will use a similar idea here except that the object is a two-dimensional lamina and we use a double integrated. If we allow a constant density function, then x-=Mymandy—=Mxmx—-=Mymandy—-=Mxm give
laminacentroid. Suppose that the lamina occupies a region RR in the xy plane,xy-plane, and let p(x,y)p(x,y) be its density (in units of mass per area by unit) at any point (x,y). (X,y). Hence, p(x,y)=limAA . 0AmAA,p(x,y)=limAA - 0AmAA, where AmAm and AAAA are the mass and area of a small rectangle containing the point (x,y)(x,y) and the limit is taken as the dimensions of the rectangle goes to 00 (see following digit). Figure 5.65 The density of a lamina at one point is the limit of its mass per area in a small rectangle about the point at
which the area goes to zero. As before, we divide the REGION RR into small rectangles RijRij with area and select (xij*,yij*)(xij*,yij*) as test points. Subsequently, the mass mijmij for each Rijl is equal to p(xij*,yij*)AAp(xij*,yij*)AA (Figure 5.66). Let KK and Il be the number of subintervals in xx and y,y, respectively. Also note that the shape may not always be rectangular, but the border still works, as can be seen in previous sections. Figure 5.66 Subdividing lamina in small rectangles Rij,Rij, each containing a test point (xij *, yij*). (xij*,yij*).
Hence is the mass of lamina m=limk,| - oy i=1ky j=1Imij=limk,| - 0¥ i=1k j=1Ip(xij*,yij*) AA=[[Rp(X,y)dA.m=limk,| - oy .m &It;0&gt;i=1ky j=1Imij=limk,| - oy i=1k j=1Ip(xij*,yij*) AA=[JRp(x,y)dA.5.13 Let's see an example now of finding the total mass of a triangular lamina. Imagine a triangular lamina RR with vertices (0.0),(0.3),(0.0),(0.3), (3.0)(3.0) and with density p(x,y)=xykg/m2.p(x,y)=xykg/m2. Find the total mass. A sketch of the RR region is always helpful, as shown in the following figure. Figure 5.67 A lamina in the xy-planexy plane with
density p(x,y)=xy.p(x,y)=xy. Using the expression developed for mass, we see that m=[[Rdm=[JRp(x,y)dA=[x=3[y=0y=3-xxydydx=[x=0x=3[3[3 xy22|y=0y=3-x]dx=[x=0x=312x(3-x)2dx=[9x24—-Xx3+x48]|x=0x=0x=312x(3-x)2dx=[9x24—-Xx3+X48]|x=0x=312X=3=0x=312X(3—X) 2dX=[9x24-x3+x48]|x=0x=312x=3x=0x=312x(3-x)2dx=[9x24—Xx3+x48]|x=0x=0x=312x(3-x)2dx=[2X24—Xx3+X48]|x=0x=312X=3x=3x=3x=3x=2dx=2X=2X=2X=[9%24—Xx3+x]x=312x=3x=312x(3-x)2 =3=3 278.m=[[RAM=[[Rp(X,y)dA=[x=0x=3[y=0y=3-xxydydx=[x=0x=3[xy |22
ly=0y=3-x]dx=[x=0x=312x(3-X)2dx=[9x24-x3+x48]|x=0x=3=278. The calculation is simple, giving the answer m=278kg.m=278kg. Consider the same region RR as in the previous example, and use the density function p(x,y)=xy.p(x,y)=xy. Find the total mass. Hint: Use trigonometric substitution x=3sin6x=3sinB and then use effect-reducing formulas for trigonometric functions. Now that we have established the expression of mass, we have the tools we need to calculate the moments and centers of mass. The moment MxMx on the Xx-axisx
axis for RR is the limit for the sums of moments of the regions RijRij on the x-axis.x axis axis. Hence Mx=limk,| - ey i=1k ¥ j=1I(yij*)mij=limk,| - 003 i=1k3 j=1I(yij*)p(xij*,yij*) AA=[Ryp(X,y)dA.Mx=limk,| - co ¥ i=1kj ¥ =1I(yij *)mij=limk,| - 03 i=1k j=1I(yij*)p(xij*,yij*) AA=[[Ryp(X,y)dA.5.14 Similarly, the moment MyMy on the y-axisy axis axis for the RR is the limit for the totals of the moments in the rijrij regions on the y-axis.y axis axis. Hence

My=limk,| - 0¥ i=1k ¥ j=1I(xij*)mij=limk,| - oy i=1k 3 j=1I(yij*)p(xij*,yij*) AA=[JRxp(X,y)dA.My=limk,| - 03 i=1k ¥ j=1I(xij*)mij=limk,]| - oY i=1k 5 j=1I(yij*)p(Xij*yij*)AA=[Rxp(x,y)dA.5.15 Think of the same triangular lamina RR with vertices (0.0.3),(3.0)(0.0),(0.3),(3.0) and with density p(x,y)=xy.p(X,y)=xy. Find the moments MxMx and My.My. Use dual integrals for each moment and calculate their values: Mx=[JRyp(x,y)dA=[x=0x=3[y=0y=3-xxy2dydx=8120,Mx=[[Ryp(X,y)dA=[x=0x=3[y=0y=3-xxy2dydx=8120, The calculation is quite straightforward.
Think of the same lamina RR as above, and use the density function p(x,y)=xy.p(x,y)=xy. Find the moments MxMx and My.My. Finally, we are ready to reexplain the expression of the center of mass in terms of integrals. We denote the x coordinate of the mass center through the x—x- and y coordinate through y-.y—. More specifically, x-=Mym=[[Rxp(x,y)dA[[Rp(x,y)dAandy-=Mxm[fRyp(x,y)dAJf &It;6&gt;Rp(x,y)dA.x-=Mym=[JRxp(x,y)dA[[Rp(x,y)dAandy-Mxm [[Ryp(x,y)dAJRp(x,y)dA.5.16 Again consider the same triangular region RR with
vertices (0.0),(0,3),(0.0),(0.3), (3.0)(3.0) and with density function p(x,y)=xy.p(x,y)=xy.xy.=xy. Find the center of mass. Using the formulas we developed, we have x-—=Mym=[[Rxp(x,y)dA[[Rp(X,y)dA=81/2027/8=65,x—=Mym=[[Rxp(x,y)dA[[Rp(x,y)dA=81/2027/8=65, y—=Mxm=[[Ryp(x,y)dA[[Rp(x,y)dA=81/2027/8=65.y——Mxm=[[Ryp(x,y)dA[JRp(x,y)dA=81/2027/8=65. Therefore, the center of the mass point (65.65). (65.65). If we choose the density p(x,y)p(x,y) instead to be uniform throughout the region (i.e. constant), such as the value 1
(someone will constantly do), then we can calculate the centroid, xc=Mym=[[RXdA[[RdA=9/29/2=1,yc=Mxm[[RydA[[RdA=9/29/2=1 .xc=Mym=[[RXdA[[RdA=9/29/2=1,yc=Mxm[fRydA[[RdA=9/29/2=1. Note that the mass centre (65.65)(65.65) is not exactly the same as the centroide (1.1)(1.1) in the triangular region. This is due to the varying density of R.R. If the density is constant, then we only use p(x,y)=cp(X,y)=c (constant). This value nullifies from the formulas, so for a constant density, the mass center coincides with the centroid of the
laminate. Again use the same region RR as above and the density function p(x,y)=xy.p(x,y)=xy. Find the center of mass. Once again, based on the comments at the end of example 5.57, we have expressed the centroiden of a region on the planet: xc=Mym=[[RxdA[fRdAandyc=Mxm[fRydA[fRdA.xc=Mym=[fRxdA[fRdAandyc=Mxm[fRydA[fRdA. We should use these formulas and check the centroid of the triangular region of RR referred to in the last three examples. Find the mass, moment, and center of the mass of the lamina of density
p(x,y)=x+yp(x,y)=x+y occupying the region RR under the curve y=x2y=x2 in the range 0<x<20<x<2 (see the following figure). Figure 5.68 Location of the mass centre of a lamina RR with density p(x,y)=x+y.p(x,y)=x+y. First, we calculate the mass m.m. We need to describe the region between the graph of y=x2y=x2 and the vertical lines x=0x=0 and x=2:x=2: m=[fRdm=[[Rp(x,y)dA=[x=0x=2[y=0y=x 2(x+y)dydx=[x=0x=2[xy+y22|y=0y=x2]dx=[x=0x=2[x3+x42]dx=[x44 +x510]|| x=0x=2=365.m=[JRdm=[[Rp(x,y)dA=[x=0x=2[y=0y=x2(x+y)dydx=[ |
&It;3&gt; &It;5&gt;x=0x=2[xy+y22|y=0y=x2]dx=[x=0x=2[x3+x42]dx=[x44+x510]|x=0x=2=365. Now calculate the moments MxMx and My: My: My=[[Rxp(x,y)dA=[x=0x=2[y=0y=x2x(x+y)dydx=17615.My=[[Rxp(X,y)dA=[x=0x=2fy=0y=x2x(x+y)dydx=17615. Finally, evaluate the center of mass, x—=Mym=[[Rxp(x,y)dA[JRp(x,y)dA=176/1536/5=4427,5y-=Mxm=[[Ryp(X,y)dA[[Rp(x,y)dA=80/736/5=10063.x —=Mym=[[Rxp(x,y)dA[[Rp(X,y)dA=176/1536/5=4427 ,5y-=Mxm=[[Ryp(x,y)dA[[Rp(x,y)dA=80/736/5=10063. Hence the mass center is (x-,y-)=
(4427.10063). (x—,y—)=(4427,10063). Calculate the mass, moments, and center of the mass of the region between curves y=xy=x and y=x2y=x2 with the density function p(x,y)=xp(x,y)=x in the range 0<x<1.0<x<1. Find the centroide in the region under the y=exy=ex curve over the range of 1sx<31<x<3 (see the following figure). Figure 5.69 Finding a centroid of a region under the curve y=ex.y=ex. To compute the centroid, we assume that the density function is constant and hence it cancels out:

xc=Mym=[JRxdA [fRdAandyc=Mxm=[[RydA [[RdA,xc=Mym=[[RxdA [f RdA=[x=1x=3[y=0y=exxdydx[x=1x=3[y=0y=exdydx=[x=1x=3xexdx[x=1x=3exdx=2e3e3-e=2e2e2-1,yc=Mxm=[[ RydA [ RdA=[x=1x=3[y=0y=exydydx/x=1x=3[y=0y=exdydx=[x=1x=3e2x2dx[x=1x=3exdx=14e2(e4-1)e(e2-1)=14e(e2+1).xc=Mym= [ RxdA [f RdAandyc=Mxm= [ RydA [fRdA,xc=Mym= [ RxdA [| RdA=[x=1x=3[y=0y=exxdydx|x=1x=3[fy=0y=exdydx=[x=1x=3xexdx/x=1x=3exdx=2e3e3-e=2e2e2-1,yc=Mxm= [[RydA [ RdA=[x=1x=3[y=0y=exydydx x=1x=3fy=0y=exdydx=[x
Thus the centroid of the region is (xc,yc)=(2e2e2-1,14e(e2+1)). (xc,yc)=(2e2e2-1.14e(e2+1). Calculate the centroide of the region between the curves y=xy=x and y=xy=x with uniform density in the range 0<x<1.0<x<1. For a clear understanding of how to calculate moment of inertia using double integrals, we need to go back to the general definition of moments and centers of mass in section 6.6 of volume 1. The moment of inertia of a mass particle mm if an axis is mr2,mr2, where rr is the particle's distance from the axis. We can see from
figure 5.66 that the moment of inertia of subrectangle RijRij on the x-axisx axis is (yij*)2p(xij*,yij*)AA. (yij*)2p(xij*,yij*)AA. Similarly, the moment of inertia in subrectangle RijRij is about the y-axisy axis (xij*)2p(xij*,yij*)AA. (xij*)2p(xij*,yij*)AA. The moment of inertia is related to the rotation of the mass; specifically, it measures the tendency of the mass to withstand a change in rotational motion on an axis. The moment of inertia ixIx on the x-axisx axis of the RR region is the limit of the sum of inertia moments in the regions rijrij on the x-axis.x axis
axis. Hence Ix=limk,| - oY i=1k ¥ j=1I(yij*)2mij=limk,| - co ¥ i=1k ¥ j=1I(yij*)2p(xij*,yij*) AA=[[Ry2p(x,y)dA.d A.Ix=limk,] - 0¥ i=1k j=1I(yij*)2mij=limk,| - e ¥ i=1k ¥ j=1I(yij*)2p(xij*,yij*) AA=[[Ry2p(x,y)dA. Similarly Moment of inertia lyly on the y-axisy axis of RR is the limit of the sum of the moments of inertia in the rijrij regions of the y-axis.y axis axis. Hence ly=limk,| - coy i=1k3 j=1l(xij*)2mij=limk,| - coy i=1k 3 j=1I(xij*)2p(xij*,yij*) 2AA=[[Rx2p(x,y)dA.d A.ly=limk,] - co ¥ i=1k ¥ j=1I(xij*)2mij=limk,| - co ¥ i=1k 3 j=1I(xij*)2p(xij*,yij*) AA=[[Rx2p(x,y)dA. Sometimes we
have to find an object's moment of inertia about its origin, which is known as the polar moment of inertia. We denote this by 1010 and get it by adding moments of inertia ixix and iy.iy. Hence 10=Ix+ly=[[R(x2+y2)p(x,y)dA.I0=Ix+ly=[JR(x2+y2)p(x,y)dA. All these expressions can be written in polar coordinates by replacing x=rcos8,x=rcos8, y=rsin6,y=rsin® and dA=rd6.dA=rdrd8. For example, 10=[fRr2p(rcos8,rsinB)dA.I0=[fRr2p(rcosB,rsinB)dA. Use the triangular region rr with vertices (0.0),(2.2),(0.0),(2.2), and (2.0)(2.0) and with density
p(X,y)=xyp(x,y)=xy as in previous examples. Find the moment of inertia. Using the above-mentioned expressions of moment of inertia, we have Ix=[JRy2p(x,y)dA=[x=0x=2[y=0y=xxy3dydx=83,ly=[] enRx2p(x,y)dA=[x=0x=2[y=0y=xx3ydydx=163,10 =[JR(X two+y2)p(x,y)dA=[02[0x(x2+y2)xydydx=Ix+ly=8.Ix=[[Ry2p(x,y)dA=[x=0x=2[y=0y=xxy3dydx=83 ,ly=[JRx2p(x ,y)dA=[x=0x=2[y=0y=xx3ydydx=163,10=[[R(x2+y2)p(x,y)dA=[02[0x(x2+y2)xydydx=Ix+ly=8. Again use the same region RR as above and the density function p(x,y)=xy.p(x,y)=xy. Find
the moment of inertia. As mentioned earlier, the moment of inertia of a mass particle mm is approximately one axis mr2mr2 where rr is the particle's distance from the axis, also known as a radius of gyration. Hence the radii of gyration with respect to the x-axis, x-axis, y-axis, y-axis, and origin is Rx=Ixm,Ry=lym,andR0=10m,Rx=Ixm,Ry=lym,andR0O=10m, respectively. In each case, the radius of gyration tells us how far (perpendicular distance) from the axis of rotation the entire mass of an object can be concentrated. The moments of an
object are useful for finding information about the balance and torque of the object about an axis, but radii of gyration are used to describe the distribution of mass around its centroidal axis. There are many applications in engineering and physics. Sometimes it is necessary to find the radius of gyration, as in the next example. Think of the same triangular lamina RR with vertices (0.0),(2.2),(0.0),(2.2), and (2.0)(2.0) and with density p(x,y)=xyp(X,y)=Xy as in previous examples. Find the radii of gyration with respect to the x-axis, x-axis, y-axis,
y-axis, and origin. If we calculate the mass of this region, we find that m = 2.m = 2. We found moments of inertia in this lamina in example 5.58. From these data, the radiuses of gyration with respect to the x-axis, x-axis, y-axis, y-axis and origin respectively, Use the same region RR from example 5.61 and the density function p(x,y)=xy.p(x,y)=xy. Find the radii of gyration with respect to the x-axis, x-axis, y-axis, y-axis, and origin. All expressions of double integrals discussed so far can be modified to become triple integrater. If we have a
fixed object QQ with a density function p(x,y,z)p(x,y,z) at any point (x,y,z)(x,y,z) in space, then its mass is m = [[[Qp(x,y,z)dV.m = [[JQp(x,y,z)dV. Its moments about xy-plane,xy-plane, xz-planet,xz-plane, and yz-planeyz-plane are Mxy=[[[Qzp(x,y,z)dV,Mxz=[[[Qyp(x,y,z)dV,Myz=[[fQxp(X,y,, z)dV.Mxy=[[[Qzp(x,y,z)dV,Mxz=[[[Qyp(X,y,z)dV,Myz=[[[Qxp(x,y,z)dV. If the mass center of the object is the point (x-,y—,z-),(x-,y—,z-), then x-=Myzm,y—-=Mxzm,z-=Mxym.x-=Myzm,y—-=Mxzm,z-=Mxym. Also, if the solid object is homogeneous (with
constant density), then the center of mass becomes the centroid of the solid. Finally, moments of inertia about yz-plane,yz-plane, xz-plane,xz-plane, and the xy-planexy plane is Ix=[fJQ(y2+z2)p(x,y,z)dV,ly=[[JQ(x2+z2)p(x,y,z)dV,1z=[[JQ(x2+y2)p(x,y ,z)dV.Ix=[[JQ(y2+z2)p(x,y,z)dV,ly=[[JQ(x2+z2)p(x,y,z)dV,I1z=[[fQ(x2+y2)p(x,y,z)dV. Suppose QQ is a fixed region bounded by x+2y+3z=6x+2y+3z=6 and the coordinate plane and has density p(x,y,z)=x2yz.p(x,y,z)=x2yz. Find the total mass. The QQ region is a tetrahedron (Figure 5.70) which meets
the axes at the points (6.0,0),(0.3,0),(6,0,0),(0,3,0), and (0,0,2). (0,0,2). To find the limits of integration, let z=0z=0 in the slanted plane z=13(6—x-2y).z=13(6—x-2y). Then for xx and yy find the projection of QQ on the xy-plane,xy-plane, which is bounded by the axes and line x+2y=6.x+2y=6. Hence the mass is m =[[JQp(X,y,z)dV =[x=0x=6[y=0y=1/2(6-X)[z=0z=1/3(6—x-2y)x2yzdzdydx=10835=3.086.m=3.08 6= &It;2&gt;=[[JQp(X,y,z)dV=[x=0x=6[y=0y=1/2(6—x)[z=0z=1/3(6-X-2y)x2yzdydydx=10835=3.086. Figure 5.70 Finding the mass of a
three-dimensional fixed Q.Q. Think of the same region QQ (Figure 5.70), and use the density function p(x,y,z)=xy2z.p(x,y,z)=xy2z. Find the mass. Suppose QQ is a fixed region bounded by planet x+2y+3z=6x+2y+3z=6 and the coordinate plane with density p(x,y,z)=x2yzp(x,y,z)=x2yz (see Figure 5.70). Find the center of the mass with decimal approximation. We have used this tetrahedron in the past and know the limits of integration, so we can move on to the calculations directly. First we need to find the moments about the xy-plane, xy-
plane, xz-plane, xz-plane and yz-planet:yz-planet: Hence the mass center is Xx-=Myzm,y—=Mxzm,z—=Mxym,x-=Myzm=243/35108/35=243108=2.25,y -y =Mxzm=81/35108/35=81108=0.75,z-=Mxym=54/35108/35=54108=0,15.x-=Myzm,y—=Mxzm,z—=Mxym,x—=Myzm=243/35108/35=243108=2,25,y—=Mxzm=81/35108/35=81108=0.75,z-=Mxym=54/35108/35=54108=0.5. The mass centre of tetrahedron QQ is the point (2,25,0,75,0,5). (2.25,0.75,0.5). Think of the same region QQ (Figure 5.70) and use the density function
p(x,y,z)=xy2z.p(x,y,z)=xy2z. Find the center of mass. We conclude this section with an example of finding moments of inertia Ix,ly,Ix,ly and 1z.1z. Suppose QQ is a fixed region and is delimited by x+2y+3z=6x+2y+3z=6 and the density coordinate plan p(x,y,z)=x2yzp(x,y,z)=x2yz (see Figure 5.70). Find the moments of inertia of tetraedron QQ on the yz-plane,yz-plane, xz-plane, xz-plane and xy-plane.xy-plane. Once again, we can almost immediately write the limits of integration, and so we can move quickly on to evaluating the moment of
inertia. Using the formula indicated earlier, the moments of inertia tetrahedron QQ on xy-plane,xy-plane, xz-plane,xz-plane, and yz-planeyz plane is Ix=[[[Q(y2+z2)p(x,y,z)dV,ly=[[[Q(x2+z2)p(x,y,z)dV,IX=[[[Q(y2+22) 7 p(x,y,z)dV,ly=[[JQ(Xx2+z2)p(x,y,z)dV and I1z=[[JQ(x2+y2)p(X,y,z)dVwithp(X,y,z)=x2yz. 1z=[[JQ(x2+y2)p(X,y,z)dVwithp(X,y,z)=x2yz. Proceeding with the computations, we have Ix=[[fQ(y2+z2)x2yzdV=[x=0x=6fy=0y=12(6-x)[z=0z=13(6-X~2y)

(y2+z2)x2yzdzdydx=11735=3.343,ly=[[[ Q(x2+22)x2yzdV=[x=0x=6[y=0y=12(6-x)[z=0z=13(6-x~2y)(x2+22)x2yzdzdydx=68435=19.543,1z= [[f Q(x2+y2)x2yzdV=[x=0x=6[y=0y=12(6-x)[z=0z=13(6-x—2y) (x2+y2)x2yzdzdydx=72935=20.829.Ix=[[] Q(y2+22)x2yzdV=[x=0x=6[y=0y=12(6—x)[z=0z=13(6—x-2y)(y2+22)x2yzdzdydx=11735=3.343, ly=[[ Q(x2+22)x2yzdV=[x=0x=6[y=0y=12(6-X)[z=0z=13(6—X—-2y) (x2+22)x2yzdzdydx=68435=19.543, 1z=[[f Q(x2+y2)x2y zdV=[x=0x=6[y=0y=12(6-X)[z=0z=13(6 —X—2y) (X2 +y2)x2yzdzdydx=72935=20.829. Thus,
the moment of inertia provided by tetraedron QQ on the yz-plane,yz-plane, xz-plane, xz-plane and xy-planexy plane is 117/35,684/35,and729/35,117/35,684/35,and729/35, respectively. Think of the same region QQ (Figure 5.70), and use the density function p(x,y,z)=xy2z.p(x,y,z)=xy2z. Find moments of inertia about the three coordinate planes. Section 5.6 Exercises In the following exercises, the REGION RR occupied by a lamina is shown in a graph. Finding the mass of RR with density function p.p. 297. RR is the triangular region with
vertices (0.0),(0.3),(0.0),(0.3), and (6.0);p(x,y)=xy. (6.0);p(X,y)=xy. 298. RR is the triangular region with vertices (0.0),(1.1),(0.0),(1.1), (0.5);p(x,y)=x+y.(0.5);p(x,y)=x+y. 299. RR is the rectangular region with vertices (0.0),(0.3),(6.3),(0.0),(0.3),(6.3), and (6.0);(6.0); 300. RR is the rectangular region with vertices (0.1),(0.3),(3.3),(0.1),(0.3),(3.3), and (3.1);(3.1); p(x,y)=x2y.p(x,y)=x2y. 301. RR is the trapezoidal region determined by lines y=—14x+52.y=0.y=2,y=-14x+52.y=0.y=2 and x=0;x=0; p(X,y)=3xy.p(X,y)=3xy. 302. RR is the trapezoidal
region determined by rows y=0.y=1,y=x,y=0.y=1,y=x and y=—x+3,p(X,y)=2x+y.y=-x+3;p(X,y)=2x+y. 303. RR is the disk of radius 22 centered on (1,2);(1,2); p(X,y)=x2+y2-2x-4y+5.p(X,y)=x2+y2-2x-4y+5. 304. RR is drive disk; p(x,y)=3x4+6x2y2+3y4.p(x,y)=3x4+6x2y2+3y4. 305. RR is the region surrounded by the x2+4y2=1,p(x,y)=1.x2+4y2=1,p(x,y)=1. 306. R={(x,y)|9x2+y2<1,x=0,y=0}; R={(X,y)|9x2+y2<1.x=0.y=0}; p(X,y)=9x2+y2.p(X,y)=9x2+y2. 307. RR is the region separated by y=x,y=—X,y=x+2,y=—X+2;y=X,y=—X,y=X+X+2,y=—X+X+2;
p(x,y)=1.p(x,y)=1. 308. RR is the region bounded by y=1x,y=2x,y=1,y=1x,y=2x,y=1 and y=2,p(X,y)=4(x+y).y=2,p(X,y)=4(x+y). In the following exercises, consider a lamina occupying the RR region and have the density function pp given in the previous group of exercises. Use a computer algebra system (CAS) to answer the following questions. Find the mxmx and mymy moments on the x-axisx axis and the y-axis,y-axis, respectively. Calculate and draw the center of the mass of the lamina. [T] Use a CAS to locate the center of mass on the
graph of R.R. 309. [T]RR is the triangular region with vertices (0.0),(0.3),(0.0),(0.3), and (6.0);p(X,y)=xy. (6.0);p(x,y)=xy. 310. [T]RR is the triangular region with vertices (0.0),(1.1),and(0.5);p(x,y)=x+y.(0.0),(1.1),and(0.5);p(x,y)=x+y. 311. [T]IRR is the rectangular region with vertices (0.0),(0.3),(6.3),and (6.0);(0.0),(0.3),(6.3),and(6.0); p(x,y)=xy.p(x,y)=xy. 312. [TIRR is the rectangular region with vertices (0.1),(0.3),(3.3),and (3,1);(0,1),(0,3),(3,3),and(3,1); p(X,y)=x2y.p(x,y)=x2y. 313. [T]RR is the trapezoidal region determined by rows
y=-14x+52.y=0,y=-14x+52.y=0, y=2,andx=0; p(x,y)=3xy.p(x,y)=3xy. 314. [T]RR is the trapezoidal region determined by rows y=0.y=1.y=x,y=0.y=1,y=x and y=-x+3;p(X,y)=2x+y.y=—x+3;p(x,y)=2x+y. 315. [T]RR is the disk of radius 22 centered on (1,2);(1,2); p(x,y)=x2+y2-2x—-4y+5.p(x,y)=x2+y2-2x—-4y+5. 316. [T]RR is the drive disk; p(x,y)=3x4+6x2y2+3y4.p(X,y)=3x4+6x2y2+3y4. 317. [T|RR is the region surrounded by the ellipse x2+4y2=1;p(x,y)=1.x2+4y2=1;p(x,y)=1. 318. [T] R={(X,y)|9x2+y2<1,x=20,y=0}; R={(X,y)|9x2+y2<1.x=0.y=0};
P(X,y)=9x2+y2.p(X,y)=9x2+y2. 319. [T]RR is the region separated by y=x,y=—X,y=x+2,y=X,y=—X,y=x+2 and y=—-X+2;y=—x+2; p(x,y)=1.p(x,y)=1. 320. [TIRR is the region bounded by y=1x,y=1x, y=2x,y=1,andy=2,y=2x,y=1,andy=2; p(x,y)=4(x+y).p(X,y)=4(x+y). In the following exercises, consider a lamina occupying the REGION RR and have the density function pp in the first two groups of Exercises. Find the moments of inertia ix,iy,ix,iy, and i0i0 on the x-axis,x-axis, y-axis,y-axis, and origin, respectively. Find the radii of gyration with respect to
the x-axis, x-axis, y-axis, y-axis, respective origin. 321. RR is the triangular region with vertices (0.0),(0.3),(0.0),(0.3), and (6.0);p(x,y)=xy. (6.0);p(X,y)=xy. 322. RR is the triangular region with vertices (0.0),(1.1),(0.0),(1.1), and (0.5);p(x,y)=x+y.(0.5);p(x,y)=x+y. 323. RR is the rectangular region with vertices (0.0),(0.3),(6.3),(0.0),(0.3),(6.3), and (6.0);p(x,y)=xy. (6.0);p(x,y)=xy. 324. RR is the rectangular region with vertices (0.1),(0.3),(3.3),(0.1),(0.3),(3.3), and (3.1);p(x,y)=x2y. (3,1);p(X,y)=x2y. 325. RR is the trapezoidal region determined by
rows y=—14x+52,y=0,y=2,y=-14x+52,y=0,y=2 and x=0;p(x,y)=3xy.x=0;p(x,y)=3xy. 326. RR is the trapezoidal region determined by rows y=0.y=1,y=x,y=0.y=1,y=x and y=—x+3,p(X,y)=2x+y.y=—-x+3;p(X,y)=2x+y. 327. RR is the disk of radius 22 centered on (1,2);(1,2); p(x,y)=x2+y2-2x-4y+5.p(X,y)=x2+y2-2x—4y+5. 328. RR is drive disk; p(x,y)=3x4+6x2y2+3y4.p(x,y)=3x4+6x2y2+3y4. 329. RR is the region surrounded by the x2+4y2=1,p(x,y)=1.x2+4y2=1,p(x,y)=1. 330. R={(x,y)|9x2+y2<1,x=0,y=0};p(X,y)=9x2+y2. R=
{(x,y)|9x2+y2<1.x20.y=0};p(x,y)=9x2+y2. 331. RR is the region separated by y=x,y=-x,y=x+2,andy=—x+2;y=x,y=-x,y=x,2,andy=—x+2; p(x,y)=1.p(x,y)=1. 332. RR is the region bounded by y=1x,y=2x,y=1,andy=2,p(x,y)=4(x+y).y=1x,y=2x,y=1,andy=2,p(x,y)=4(x+y). 333. Let QQ be the fixed unit cube. Find the mass of the fixed if its density pp equals the square of the distance of an arbitrary point of QQ to the xy-plane.xy plane. 334. Let QQ be the fixed unit hemisphere. Finding the mass of solidifs if its density pp is proportional to the distance
of an arbitrary point of QQ to the origin. 335. The solid QQ of constant density 11 is located inside the sphere x2+y2+z2=16x2+y2+z2=16 and outside the sphere x2+y2+z2=1.x2+y2+z2=1. Show that the center of mass of the fast is not located within the fixed. 336. Find the mass of the solid Q={(x,y,z)|1<x2+z2<25,y<1-x2-22}Q={(x,y,z)|1sx2+22<25,y<1-x2-z2} whose density is p(x,y,z)=K,p(X,y,z)=k,where k&gt;0.k&gt;0. 337. [T] The solid Q={(X,y,z)|x2+y2<9,0<z<1,x=0,y=0}Q={(x y,z)|x2+y2<9,0<z<1,x=0,y=0} has density equal to the distance
to xy-plane.xy planet. Use a CAS to answer the following questions. Find the mass of Q.Q. Find the moments Mxy,Mxz,andMyzMxy,Mxz,andMyz about xy-plane,xy-plane, xz-plane,xz-plane, and yz-plane,yz-plane, respectively. Find the center of mass Q Q. Graph QQ and locate its center of mass. 338. Think of the solid Q={(x,y,z)|0sx<1.0<y<2.0<z<3}Q={(x,y,z)|0sx<1.0<y<2.0<z<3} with the density function Find the mass of Q.Q. Find the moments Mxy,Mxz,andMyzMxy,Mxz,andMyz about xy-plane,xy-plane, xz-plane,xz-plane, and yz-
plane,yz-plane, respectively. Find the center of mass qg.q. 339. [T] The fixed QQ has the mass given by triple integren [-11/0T4J01r2drd6dz.[-11J0Tt4/01r2drdBdz. Use a CAS to answer the following questions. Show that the center of mass qq is located in the xy-plane.xy-plane. Graf QQ and locate its center of mass. 340. The solid QQ is limited by the plan x+4y+z=8,x=0,0,andz=0.x+4y+z=8,x=0,y=0,andz=0. Its density at any point is equal to the distance to the xz-plane.xz plane. Find moments of inertia lyly of the fixed about xz-plane.xz-
plane. 341. The solid QQ is delimited by the plan x+y+z=3,x+y+z=3, x=0,y=0,x=0,y=0,0=0 and z=0.z=0. Its density is p(x,y,z)=x+ay,p(x,y,z)=x+ay, where a&gt;0.a&gt;0. Show that the mass center of the fixed is located in plane z=35z=35 for any value of a.a. 342. Let QQ be the fixed outside the sphere x2+y2+z2=zx2+y2+z2=z and inside the upper hemisphere x2+y2+z2=R2,x2+y2+z2=R2, where R&gt;1.R&gt;1. If the density of the fast is p(x,y,z)=1x2+y2+z2,p(x,y,z)=1x2+y2+z2, find RR such that the mass of the solid is 7m2.7m2. 343. The
mass of a solid QQ is given by [02[04-x2[x2+y216—x2-y2(x2+y2+z2)ndzdydx,[02[04-x2[x2+y216-x2-y2(x2+y2+z2)ndzdydx, where nn is an integer. Determine such mass of the fast is (2-2)1.(2-2)m. 344. Let QQ be the fixed demarcated above the cone x2+y2=z2x2+y2=z2 and below the sphere x2+y2+z2-4z=0.x2+y2+z2-4z=0. Its density is a constant k&gt;0.k&gt;0. Find kk so that the center of mass of the solid is located 77 units from the origin. 345. The solid Q={(x,y,z)|0sx2+y2<16,x20,y=0,0<z<x}Q={(x,y,z)|0sx2+y2<16,x=0,20<z<x}
has density p(x,y,z)=k.p(x,y,z)=k. Show that the moment MxyMxy on the xy-planexy plane is half the moment MyzMyz on the yz-plane.yz plane. 346. The solid QQ is separated by cylinder x2+y2=a2,x2+y2=a2, paraboloid b2-z=x2+y2,b2-z=x2+y2, and the xy-plane,xy-plane, where 0 &It;&gt; &It;&gt; &lt;&gt; &lt;b. find= the= mass= of= the= if= its= density= is= given= by= p(x,y,z)=x2+y2.p(X,y,z)=x2+y2. 347.= let= qgq= a= a= solid= of= constant= k,k,= where= k=&gt;0,k&gt;0, located in the first octave, inside the circular cone
x2+y2=9(z-1)2,x2+y2=9(z—1)2, and above the plane z=0.z=0. Show that the moment MxyMxy on the xy-planexy plane is the same as the moment MyzMyz on the xz-plane.xz plane. 348. The fixed QQ has the mass given by triple [ [01JOTt/2[0r2(r4+r)dzd6dr.JO1f0T1/2J0r2(r4+r)dzd6dr. Find the density of the solid in rectangular coordinates. Find the moment MxyMxy on the xy-plane.xy plane. 349. The solid QQ has the ixIx moment of inertia on the yz-planeyz plane given by triple integren&lt;/b.&gt;Hitta densiteten hos Q.Q. Hitta
troghetsdgonblicket 1zIz om xy-plane.xy-planet. 350. Den fasta QQ har den massa som ges av trippelintegren [011/4/02sec6[01(r3cos8sin8+2r)dzdrd6.J0m/4/02secBf01(r3cos8sinB+2r)dzdrdrd®. Hitta titheten av den fasta i rektanguldra koordinater. Hitta 6gonblicket MxzMxz om xz-plane.xz-planet. 351. L&t QQ vara den fasta som avgréansas av xy-planet,xy-planet, cylindern x2+y2=a2 x2+y2=a2, och planet z=1,z=1, dar a&gt;1a&gt;1 &r ett reellt tal. Hitta 6gonblicket MxyMxy av den fasta om xy-planexy-planet om dess densitet ges i cylindriska
koordinater &r p(r,8,z)=d2fdr2(r),p(r,0,z)=d2fdr2(r), dar ff &r en differentierbar funktion med den férsta och andra derivat kontinuerlig och differentiabel pa (0,a). (0,a). 352. En solid QQ har en volym som ges av [[DfabdAdz,[[DfabdAdz, dar DD &r projektionen av den fasta pa xy-planexy-planet och en &lIt;&gt; &It;b are= real= numbers,= and= its= density= does= not= depend= on= the= variable= z.z.= show= that= its= center= of= mass= lies= in= the= plane= z=a+b2.z=a+b2. 353.= consider= the= solid= enclosed= by= the= cylinder=
X2+z2=a2x2+z2=a2 and= the= planes= y=by=b and= y=c,y=c, where= a=&gt;0a&gt;0 och b &It;&gt; &lt;c are real numbers. The density of QQ is given by p(x,y,z)=Ff'(y),p(x,y,z)=Ff(y), where ff is a differential function whose derivative is continuous on (b,c). (b,c). Show that if f(b)=f(c),f(b)=f(c), then the moment of inertia about the xz-planexz-plane of QQ is null. 354. [T] The average density of a solid QQ is defined as pave=1V(Q) [[ Qp(x,y,z)dV=mV(Q),pave=1V(Q) [ Qp(x,y,z)dV=mV(Q), where V(Q)V(Q) and mm are the volume and the mass of
Q,Q, respectively. If the density of the unit ball centered at the origin is p(x,y,z)=e-x2-y2-z2,p(X,y,z)=e-x2-y2-z2, use a CAS to find its average density. Round your answer to three decimal places. 355. Show that the moments of inertia Ix,ly,andlzIx,ly,andlz about the yz-plane,yz-plane, xz-plane,xz-plane, and xy-plane,xy-plane, respectively, of the unit ball centered at the origin whose density is p(x,y,z)=e—x2-y2-z2p(x,y,z)=e—x2-y2-z2 are the same. Round your answer to two decimal places. places. are= real= numbers.= the= density=
of= qg= is= given= by= p(x,y,z)=Ff(y),p(x,y,2)=f'(y), where= ff= is= a= differential= function= whose= derivative= is= continuous= on= (b,c). (b,c).= show= that= if= f(b)=f(c),f(b)=f(c), then= the= moment= of= inertia= about= the= xz-planexz-plane= of= qq= is= null.= 354.= [t]= the= average= density= of= a= solid= qq= is= defined= as= pave=1V(Q)[[JQp(X,y,z)dV=mV(Q),pave=1V(Q) [[fQp(x,y,z)dV=mV(Q), where= v(q)v(q)= and= mm= are= the= volume= and= the= mass= of= q,q,= respectively.= if= the= density= of= the= unit= ball= centered=
at= the= origin= is= p(X,y,z)=e-x2-y2-z2,p(Xx,y,z)=e—x2-y2-z2, use= a= cas= to= find= its= average= density.= round= your= answer= to= three= decimal= places.= 355.= show= that= the= moments= of= inertia= about= the= yz-plane,yz-plane,= xz-plane,xz-plane,= and= xy-plane,xy-plane,= respectively,= of= the= unit= ball= centered= at= the= origin= whose= density= is= p(X,y,z)=e-x2-y2-z2p(X,y,z)=e-x2-y2-z2 are= the= same.= round= your= answer= to= two= decimal= places.= places.=&gt;&lt;/c are real numbers. The density of QQ
is given by p(x,y,z)=f'(y),p(x,y,z)=f(y), where ff is a differential function whose derivative is continuous on (b,c). (b,c). Show that if f(b)=f(c),f(b)=f(c), then the moment of inertia about the xz-planexz-plane of QQ is null. 354. [T] The average density of a solid QQ is defined as pave=1V(Q) [[JQp(x,y,z)dV=mV(Q),pave=1V(Q) [[fQp(X,y,z)dV=mV(Q), where V(Q)V(Q) and mm are the volume and the mass of Q,Q, respectively. If the density of the unit ball centered at the origin is p(x,y,z)=e-x2-y2-z2,p(X,y,z)=e-x2-y2-z2, use a CAS to find its
average density. Round your answer to three decimal places. 355. Show that the moments of inertia Ix,ly,andlzlx,ly,andlz about the yz-plane,yz-plane, xz-plane,xz-plane, and xy-plane,xy-plane, respectively, of the unit ball centered at the origin whose density is p(x,y,z)=e-x2-y2-z2p(x,y,z)=e-x2-y2-z2 are the same. Round your answer to two decimal places. places. &gt; &lIt;/b&gt; &lt;/b&gt;
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