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Gradient of vector field

This article is about a generalized derivative of multivariate function. For other use in mathematics, see for a similar spelled unit of angle, see Gradian. For other purposes, see Gradient (disambigation). This article contains a list of general references, but it remains largely unverified because it does not have enough relevant link. Please help improve this
article by entering more accurate quotes. (January 2018) (Learn how and when to delete this template message) A lot of variable generalization of the Gradient derivative function, presented by blue arrows, denotes the direction of the greatest change in the scalable function. Feature values are presented on a gray scale and increase in price from white (low)
to dark (high). In vector calculus, the gradient of the different function of f of several variables is a vector field (or vector-value function) ∇ f 'displaystyle abla f', the value of which at p 'displaystyle p' is a vector, components of which are partial derivatives of f 'displaystyle f' on → page 1. its gradient ∇ f: R n → R n' displaystyle abla f'mathbf In n-dimensional
space as a vector is defined at p (x 1, ... x n) displaystyle p (x_{1}, ldots,x_'n) in n-dimensional space: 'b' ∇ f (p) - ∂ f ∂ x 1 (p) ⋮ ∂ f ∂ x n (p) . Display style abla f(p) begins bmatrix frac (partially f'partial x_{1}) (p)vdots (frac)partial f'partial x_(p) Nabla symbol ∇ displaystyle abla written as an inverted triangle and pronounced as del, denotes vector differential
operator. The gradient has a double value to the total derivative d f 'displaystyle df) : the value of the gradient at the point is a tangent vector - a vector at each point; whereas the derivative value at the point is a compelling vector- linear function on vectors. They are related to the fact that the point product of the f gradient at p point with another tangent vector
v is equal to the directed derivative f at p function along the v; that is, ∇ f (p) ⋅ v no ∂ f ∂ v (p) - d f p df_ (v) The gradient vector can be interpreted as the direction and speed of rapid increase. If the gradient of non-zero function at the point of the p, the direction of the gradient is the direction in which the function increases most quickly with the p, and the
magnitude of the gradient is the rate of increase in this direction. In addition, the gradient is a zero vector at the point, if and only if it is a stationary point (where the derivative disappears). Teh thus plays a fundamental role in optimization theory, where it is used to maximize the gradient ascent function. The gradient admits several generalizations to more
general functions on diversity; See Motivation Gradient 2D function f(x, y) xe (x2 and y2) built like blue arrows over the pseudo-colored function plot. Consider the room where the temperature is given to the scalar field, T, so that at each point (x, y, z) the temperature is T (x, y, z), regardless of time. At each point in the room, the T gradient at this point will
show the direction in which the temperature rises the fastest, having moved away from (x, y, z). The magnitude of the gradient will determine how quickly the temperature rises in this direction. Consider a surface whose height above sea level at a point (x, y) is H(x, y). The H gradient at the point is the vector of the plane, pointing in the direction of the
steepest slope or grade at that point. The steepness of the slope at this point is given by the magnitude of the gradient vector. The gradient can also be used to measure how the scaly field changes in other directions, not just the direction of the greatest change by taking a point product. Suppose the steepest slope on the hill is 40%. The road going straight
uphill has a 40% slope, but the road around the hill at an angle will have a shallower slope. For example, if the road is at a 60-degree angle from direction to mountain (when both directions are projected onto a horizontal plane), the slope along the road will be a point product between the gradient vector and the unit vector along the road, namely 40% of the
60 degrees, or 20%. More generally, if the H hill height function is different, the H gradient, dotted with a unit vector, tilts the hill in the direction of the H-derived vector along the unit vector. The displaystyle f notation at displaystyle mathbf is usually written as ∇ f (a) displaystyle abla f (mathbfa). It can also be denoted by any of the following: ∇ → f (a)
displaystyle vec abla f (Mathbf a) : to enhance the vector nature of the result. Hail f ∂ f ∂ x x - display style on the left. Frak partial fpartial matbf (x) right mathebf aa: note that this notation may conflict with one of the directed derivatives. ∂ i f displaystyle (partial if) and f , i displaystyle f_,i: Einstein's Index Notation. Definition Gradient function f(x,y) - (cos2x )
cos2y)2, depicted as a projected vector field on the lower plane. The gradient (or gradient vector field) of the scalable function f (x1, x2, x3, ..., xn) is denoted ∇f or ∇→f, where ∇ (nabla) denotes the vector differential operator, del. Note-to-use hail f is also commonly used to represent Gradient F is defined as a unique vector field, the point product of which
with any vector v at each point x is a directed derivative of f along v. That is, (∇ f ( x) ⋅ v d v f (x) . No abla f(x) (large) Kdota matbf in (D_). Formally the gradient has a double derivative; see the connection with derivatives. Descartes coordinates in a three-dimensional Cartesian coordinate system with euclidean metric, The gradient, if it exists, is given: ∇ f ∂ f ∂
x i and ∂ f ∂ y j-∂ f ∂ z k , display style abla ffrac (partial f'partial x'mathbf) where I, j, k are standard units vectors in the directions of coordinates x, and z respectively. For example, the gradient function f (x, y, z) - 2 x - 3 y 2 - sin  (z) displaystyle f (x,y,z) - 2x-3y{2}-sin (z) - is ∇ f q 2 i - 6 y j - cos  (z) ( Display style abla f2mathbf (i) 6ymathbf (j) - cos (z) mathbf (k) .
In some applications, it is customary to present the gradient as a string vector or column vector of its components in a rectangular coordinate system; this article follows the gradient convention by being a column vector, while the derivative is a string vector. Cylindrical and spherical coordinates Main article: Del in cylindrical and spherical coordinates In
cylindrical coordinates with Euclidean metric, The gradient is given: ∇ f, φ, z) - ∂ f ∂ e q 1 q ∂ f ∂ φ e φ ∂ f ∂ z, displaystyle abla f(z) Frak (partial) Frak (partial) Phhofy hrow) (e) yrow frak {1}'rho 'frac' partial warfi matheuf (e) warfi frac (partial f'partial) mathbf (e) z where the axial distance is located, φ is an azimuth or azimuth angle, z is an axial coordinate, and,
e. eφ and ez - vectors of units indicating along the directions of coordinates. In spherical coordinates, the gradient is given: ∇ f, θ, φ) - ∂ f ∂ r e r 1 r ∂ f ∂ θ e θ 1 r sin  θ ∂ f ∂ φ e φ, partial r'mathbf (partial f'mathbf) {1}'r'frac {1} (partial f'sin)partial (theta) matbff (e) , where there is a radial distance, φ is an azimuth angle and θ is a polar angle, and ER eθ and eφ
again the local unit vectors indicating in the direction of the coordinates (i.e., коварианской основе). Для градиента в других ортогональных системах координат см. Ортогональные координаты (Дифференциальные операторы в трех измерениях). Общие координаты Мы рассматриваем общие координаты, которые мы пишем как x1, ..., xi, ...,
xn, где n находится количество измерений домена. Здесь верхний индекс относится к положению в списке координат или компонента, поэтому x2 относится ко второму компоненту, а не к количеству x в квадрате. Переменная индекса i относится к произвольному элементу xi. Using Einstein notation, the gradient can then be written as: ∇ f =
∂ f ∂ x i g i j e j {\displaystyle abla f={\frac {\partial f}{\partial x^{i}}}g^{ij}\mathbf {e} _{j}} ( Note that its dual is d f = ∂ f ∂ x i e i {\displaystyle \mathrm {d} f={\frac {\partial f}{\partial x^{i}}}\mathbf {e} ^{i}} ), where e i = ∂ x / ∂ x i {\displaystyle \mathbf {e} _{i}=\partial \mathbf {x} /\partial x^{i}} and e i = d x i {\displaystyle \mathbf {e} ^{i}=\mathrm {d} x^{i}} refer to the
unnormalized local covariant and contravariant bases respectively, g i j {\displaystyle g^{ij}} is the inverse metric tensor, and the Einstein summation convention implies summation over i and j. Если координаты ортогональные , мы можем легко выразить градиент (и дифференциал) с точки зрения нормализованных оснований, которые мы
называем e- i'displaystyle (шляпа) и e-displaystyle (шляпа) , используя факторы масштаба (также известные как коэффициенты Лама) h i и ‖ e i i ‖ ‖ No 1 / ‖ e i ‖ «дисплей стиль h_»i'lVert (матебф) й е»1, /LVert ∑ (матебф ∇) i 1 n ∂ f ∂ x i 1 h i e i e i 'displaystyle abla f'sum,i'1'n', frac (частично f'partial x'i'i's frac {1}'h_ Матеф (шляпа е) (и d f - ∑ i 1 n
∂ f ∂ x i 1 h i e ,Фрак (частичный ф'частичный x'i'i'frac {1} h_'i'mathbf)), где мы не можем использовать нотацию Эйнштейна, так как невозможно избежать повторения более чем двух индексов. Несмотря на использование верхних и нижних индексов , e-i «displaystyle» (матефф) (шляпа) , e-displaystyle (mathbf) и h i 'displaystyle h_'i) не
являются ни контравариантами, ни ковариантами. Последнее выражение оценивает выражения, данные выше, для цилиндрических и сферических координат. Градиент и производные или дифференциальная Часть серии статей оCalculus Фундаментальная теорема Leibniz интегральные правила Пределы функций Непрерывность
Среднее значение теоремы Теорема Дифференциальные определения производных (обобщений) Дифференциальная бесконечность функции всего Концепции Дифференциация нотации Вторая производная имплицитная дифференциация Логартмическая дифференциация Связанные ставки Тейлора теоремы Правила и
идентичности Sum Reverse Formula General Leibniz Fae di Bruno Integral lists integrals Integral Transformation Definitions Antiderive Integral (wrong) Riemann integral integration Lebesgue Contour integration Integral Reverse function Integration parts Of Cylindrical Shell Replacement (trigonomeric, Weierstrass, Euler) Euler's Formula Partial Fractions
Changing Formula Reduction Order Differentiation under the Integral Sign Series Geometric (Arithmetic-Geometric) Harmonious Variable Power Binomial Taylor Convergence Tests Summand Limit (Term Test) Ratio Root Integral Comparison Series Of Capage Dirichlet Abel Vector Gradient Divergenation Stokes' Divergence is summarized by Stokes
Multivariable Formalisms Matrix Tensor External Geometric Definitions Partial Derivative Multi-Integral Line Integral Surface Integral Volume integral Jacobian Hesian Specialized Factional Malliavin Stochastic Variations glossary Calculus Using the convention that the vectors in R n 'displaystyle (mathbf) are represented by column vectors, and that the
kovectors (line cards R n → R displaystyle (R) (R) are represented by string vectors, ∇ f displaystyle abla f and derivative d'display dfstyle df with the same components, but transposed each other: ∇ f (p) - ∂ f ∂ x 1 (p) ⋮ ∂ f ∂ x n (p) partial x_{1} (p) Partial fpartial x_ (p) 'end'bmatrix; d f p - ∂ f ∂ x 1 (p) ⋯ ∂ f ∂ x n (p df_) frak (partial f'partial x_{1}) (p)-cdots
(fracas) partial f'partial x_'n'(p) . Although they both have the same components, they differ in what mathematical object they represent: at each point the derivative is a compelling vector, a linear form (kovector), which expresses how many (large-scale) output changes for this infinite change (vector) input, while at each point the gradient is a tangent vector
that represents an infinite change in (vector) input. In symbols, the gradient is an element of tangent space at the point ∇ f (p) ∈ T p R n 'displaystyle abla f(p) in T_'p'mathbf (R) while the derivative is a map from tangent space to real numbers, d f p: T p n → R (display df_)p'p'p' T_0 The tangential spaces at each point R n' displaystyle (mathbf) can be
identified with vector space R n' displaystyle (R) and similarly cotangent space at each point can be naturally identified with dual vector space (R n) ∗ 'displaystyle' (Mathbf (R) thus The gradient value at the point can be seen as a vector in the original R n ' displaystyle (mathbf) and not just as a tangent vector. As for the acceptance of a point product with a
gradient: ( d f p) (v) - ∂ f ∂ x 1 (p) ⋯ ∂ f ∂ x n (q v 1 ⋮ v n ∑ i 1 n ∂ f ∂ x i (p) v i - ∂ f ∂ x 1 (p) ⋮ ∂ f ∂ x n (p) - ⋅ v 1 ⋮ v n - ∇ f (p) ⋅ v display style (df_p) (v) start bmatrix'frac (partial f'partial x_{1}) (p) x_ (p) 'end'bmatrix'start'bmatrix'v_ 1'vdots (v_'n'end-bmatrix) amount (i'1) frak (partial f'partial x_'i'i'(p)v_'i'start'bmatrix'frac (partial f'partial x_{1}) (p) partial f'partial x_
(p)-end'bmatrix'cdot (beginning)bmatrix v_{1}'vdots (v_'n'end'bmatrix'abla f (p) cdot v' differential or (external) derivative Featured linear approximation to various function f: R n → R'displaystyle f'colon (mathbf) - mathbf to mathbf R in point X in Rn that is often denoted by dfx or df (x) and is called a differential or (total) df function that displays x to dfx, is
caused by (common) differential or external derivative f and is an example of a differential 1-shape. Much like the derivative function of a single variable represents a tangent to a function graph, then a directional derivative function in several variables represents a tilt of a tangent hyperplane in the direction of the vector. The gradient is associated with a
formula differential (∇ f) x ⋅ v q d f x (v) displaystyle (abla f) x'cdot v'df_'x (v) for any v ∈ Rn, where ⋅ display is a point product: take a point vector product with a gradient is the same as taking a vector. If Rn is seen as a space (measuring n) of column vectors (real numbers), then you can consider df as a string vector with components (∂ f ∂ x 1, ... ∂ f ∂ x n),
Style (left), partial f partial f partial x_{1}, dots, frakpartial f'partial x_n'right), so dfx (v) is given matrix multiplication. Assuming that the standard Euclid metric is on Rn, the gradient is then an appropriate column vector, i ∇ d f i T. Abla f df_ mathematical (T). Linear approximation to the function The best linear approximation to the function can be in terms of
gradient, not derivative. The f-ing gradient from the Euclidean Rn space to R at any specific x0 point in Rn is characterized by a better linear approximation to f on x0. Approaching the following: f (x) ≈ f (x 0) (∇ f) x 0 ⋅ (x x 0) x_{0} (x 0) x_{0} (display f(x)'approx f (x_{0}) (abla f) where (∇f)x0 is a f gradient, computed by x0, and the dot denotes a dot product on
Rn. This equation is equivalent to the first two terms in Taylor's multivariate series extending f to x0. Gradient as a derivative Let U be an open set in Rn. If the feature is f. : U → R is differential f is (Fresche) derivative f. So ∇f function from you to Rn space so lim h → 0 f ( x h) - f (x) - ∇ f (x) ⋅ h ‖ h ‖ 0, display style lim- I didn't like. (0), where it is a point
product. As a result, the usual derivative properties hold for the gradient, although the gradient is not a derivative of itself, but rather a dual derivative: Linearity is a linear gradient in the sense that if f and g are two real functions differentiable at the point ∈ Rn, and α and β two constants, then, and ∇, α f β g) (a) - α ∇ f (a) β ∇ ( a) Displaystyle abla (alpha-f beta-
gye on the right) (a)alpha-abla f(a) beta-abla g(a). The product rule If f and g are real functions at a ∈ Rn, the product rule states that the product fg is different by a, and ∇ (f g) (a) f ( a) ∇ g ( a) g (a) ∇ f (a). . «Displaystyle abla (fg)(a)a)abla g(a)g(a)abla f(a)». The chain rule assumes that f: → R is a really valuable function defined on subset A Rn, and that f
differs at point a. There are two forms of chain rule applied to the gradient. First, let's say that function g is a parametric curve; that is, function g : I → Rn card subset I ⊂ R in Rn. If g is different at point C ∈ I am like that that g(c) then (f ∘ g) (c) - ∇ f ( a) ⋅ g ( c) , displaystyle (f'circ g) (c) s'abla f(a) cdot g'(c), where ∘ is the operator of the composition: ( f ∘ g) (x)
In a more general way, if instead ⊂ , then the following holds: ∇ (f ∘ g) ( c) ( d g ( c) T (∇ f ( a) , large (Dg(c) big mathsf T large (Abla f(a) big) large) where (Dg)T denotes transponic Jacobian matrix. For the second form of the chain rule, suppose that h : I → R is a real valuable feature on subset I R, and that h differs in point f(a) ∈ I. Then ∇ (h ∘ f) (a) . . ∇ .
Display style abla f) (a) h'h'big (f-ing) Big) Further Properties and Application Sets Level See also: Set of levels and level sets compared to the surface of the A gradient level, or isosurface, is a set of all points where some function has a given value. If f is different, then the point product (∇f)x ⋅ v gradient at point X with vector V gives a directionable derivative f
at x in the direction of v. This follows that in this case the f gradient is orthogonal to the level of sets f. For example, the surface level in three-dimensional space is determined by the equation of form F (x, y, z) c. More generally, any built-in hypersurface in Riemannian diversity can be cut by the F (P) No. 0 form equation in such a way that dF is nowhere to be
found. Gradient F is normal for hypersurrence. Similarly, the affin algebraic hypersurface can be defined by the equation F (x1, ..., xn) 0, where F is polynomial. Gradient F is zero at a special point in the hyper-spot layer (this is the definition of a single point). At a point not special, it's a non-zero-normal vector. Conservative vector fields and gradient theorem
Main article: Theorem Gradient Gradient function is called a gradient of the field. The (continuous) gradient field is always a conservative vector field: its integral line on any path depends only on the endpoints of the path and can be evaluated by theerm gradient (fundamental calorence theorem for linear integrations). Conversely, the (continuous)
conservative vector field is always the gradient of function. The Jacobian main article generalizations: The Jacobian Matrix and the Determinant of the Jacobian Matrix is a generalization of the gradient for the vector-value functions of several variables and different maps between euclidean spaces or, more generally, diversity. Further generalization of
function between the spaces of Banach is a derivative of Frechet. Suppose f : Rn → Rm is a function, so that each of its first order of partial derivatives exist on Rn. Then the Jacobian matrix f is defined as the matrix m×n, denoted by J f (x) (display style (mathbf) (J) (mathbb (mathbb x)) or simply J (display) (mathbf) ( (i,j) th record J i j and ∂ f i ∂ x j displaystyle
mathbf J (J) frac partial f_i'partial x_ j'j' . Explicit J - ∂ f ∂ x 1 ⋯ ∂ f ∂ x n - ∇ T f 1 ⋮ ∇ T f m - ∂ f 1 ∂ x 1 ⋯ ∂ f 1 ∂ x n ⋮ ⋱ ⋮ ∂ f m ∂ x 1 ⋯ ∂ f m ∂ x x 1 ∂ x x Display style matbf J start bmatrixdfrac partial mathbf f (partial x_{1}) cdots dfrac partial mathbf f partial x_'n'end'bmatri (T'T) f_{1}'vdots (Abla) (T) f_ m'end, Bmatrix begins (Bmatrik) (partial f_{1}'partial
x_{1}'cdots (partial f_{1}) Ddddots dfrac partial f_m'partial x_{1}cdots dfrac partial f_m'partial x_'n'end'bmatrix. Vector gradient See also: the coririan derivative Since the total derivative of the vector field is a linear display from vectors to vectors, it is a tensor amount. In rectangular coordinates, the gradient of the vector field f q (f1, f2, f3) is defined as: ∇ f and
g j k ∂ f i ∂ x j e i ⊗ e k , displaystyle abla 'mathbf f (g'jk'frac) (where Einstein's notation is used, and the product of the ei vectors and ek tensor is a diadik-tensor type (2.0)). In general, this expression is equal to the transponderization of the Jacobin matrix: ∂ f i ∂ x j ∂ (f 1, f 2, f 3) ∂ (x 1, x 2, x 3). Display style frac partial fipartial x'j'frac (f'{1},f-{2}, f'{3}) partially
(x'{1},x'{2},x'{3}). In curved coordinates, or more generally, on a curved variety, The gradient includes Kristoffel symbols: ∇ f q g j k (∂ f i ∂ x j and Γ i j l f l) e i ⊗ e k , left ((partial f'i'i'1 partial x'j'j'times, where gjk are components of the reverse metric tentor and ei are vectors of the basics. , the gradient of the vector field f can be determined by the combination of
Levi-Civita and metric tensor: ∇ f b q g a c ∇ c f b , displaystyle ablaa'f'ac'ac'abla'c'b'b', where ∇c is a compound. Riemannian Diversity For any smooth function f on Riemannian variety (M, g), gradient f is a vector field ∇fa so, that for any vector field X, g (∇ f, X) - ∂ X f, displaystyle g (abla f,X), partial X'f, i.e. g x (∇ f) x, X g_ ∂ x), X_'x'big) (partial X'f) (x) defined
by the G and ∂X F metric is a feature that takes any point x ∈ M to a directed derivative f in the direction of X, In other words, the coordinates chart φ from an open subset of M to an open subset of Rn, (∂X f) (x) is given: ∑ j and 1 n X j (φ (x) ∂ ∂ x j (f ∘ φ) φ (x) displayshile sum j11X'j'big (x) large frak partial partial partial x_ j (f'circ varphi-1) Warfi (x) where Xj
denotes jth component X in this diagram coordinates. Thus, the locale form of the gradient takes the form: ∇ f and g i k ∂ f ∂ k e i. Displaystyle abla fegilefrak (partial f'partial hk'textbf (e'i) Generalization of the case of M and Rn , the function gradient is associated with its external derivative, since (∂ X f) (x) (d f) x ( X x ) . Displaystyle (partial Xf) (x) (X_).
Specifically, the ∇f gradient is a vector field associated with a differential 1-form df using musical isomorphism ♯ and ♯ g: T ∗ M → T T M displaystyle (sharp g'colon T'M' to TM (called sharp), defined by the metric g. The connection between the external derivative and the function gradient on Rn is a special case of this, in which the metric is a flat metric given
by the point product. that in the Commons there is a media associated with the Gradient fields. Curl Divergence Four-dioceent Matrix Skew Gradient Notes - b This article uses the convention that column vectors represent vectors, and string vectors represent covectors, but the opposite convention is also common. Strictly speaking, the gradient is a vector
field f: R n → T R n' displaystyle f'colon (mathbf) - it's T'mathbf (R) - and the gradient value at a point is a tangent vector in the tangent space at this point, T p r n ' displaystyle T_'p'mathbf (R) However, all tangent spaces can be naturally defined with the original R n'displaystyle (mathbf) space, so they don't need to be distinguished; See Definition and
relationship with derivative. The value of the gradient at the point can be seen as a vector in the original R n' displaystyle (mathbf) space, while the derivative value at the point can be seen as a cocector in the original space: the R n → R s displaystyle (mathbf) line map is unofficially, naturally defined meaning that it can be done without any arbitrary
decisions. It can be formalized with natural transformation. Inquiries : Bachmann (2007, p. 76) p. 84) - Downing (2010, p. 316) - Harper (1976, p. 15) - Kreissig (1972, p. 307) - McGraw Hill (2007, p. 196) - Moise (1967, p. 683) Junior (1970, 1970, page 714) - Svokovsky et al. (1994, p. 1038) - Bachmann (2007, p. 77) p. 316-317) - Kreissig (1972 (3007, p.
196) - Moise (1967) - Protter and Morrie Jr. (1970) , p. 715) - Swokowski et al. (1994, p. 1036,1038-1039) - Kreissig (1972, p. 308-309) - Stocker (1969, p. 292) - b Schey 1992, p. 139-142. Protter and Morrie Jr. (1970, p. 21.88) - Beauregard and Fraley (1973, p. 87,248) - Kraisig (1972, p. 333 353 496) - Dubrovin, Fomenko and Novikov 1991, page 348-349.
Bachmann, David (2007), Advanced Rate Demystified, New York: McGraw Hill, ISBN 978-0-07-148121-2 Beauregard, Raymond A.; Freley, John B. (1973), First Course Linear Algebra: With additional introduction to groups, rings and fields, Boston: Houghton Mifflin Company, ISBN 0-395-14017-X Douglas, Ph.D. (2010), Barron E-I Calculus, New York:
Barron, ISBN 978-0-7641-4461-5 Dubrovin, BA; Fomenko, A.T.; Novikov, S.P. (1991). Modern Geometry - Techniques and Applications: Part I: Geometry of Surfaces, Transformation Groups, and Fields. Graduation texts in mathematics (2nd place). Springer. ISBN 978-0-387-97663-1. Harper, Charlie (1976), Introduction to Mathematical Physics, New
Jersey: Prentice Hall, ISBN 0-13-487538-9 Kreyszig, Erwin (1972), Advanced Engineering Mathematics (3rd Ed.), New York: Wiley, ISBN 0-471-50728-8 McGraw Hill Encyclopedia of Science and Technology. McGraw-Hill Encyclopedia of Science and Technology (10th place). New York: McGraw Hill. 2007. ISBN 978-0-07-144143-8. Moise, Edwin E. (1967),
Calculus: Complete, Reading: Addison-Wesley Protter, Murray H.; Morrie Jr., Charles B. (1970), College of Calculus with Analytical Geometry (2nd), Reading: Addison-Wesley, LCCN 76087042 Shay, H.M.. (1992). Div, Grad, Curl, and all that (2nd ed.). W. W. Norton. ISBN 0-393-96251-2. OCLC 25048561.CS1 maint: ref'harv (link) Stocker, JJ (1969),
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formulas for reference and review. Dover Publications. 157-160. ISBN 0-486-41147-8. OCLC 43864234. External Links See the Gradient in Wiktionary, a free dictionary. Gradient. Khan Academy. Merchants, PV (2001), Gradient, Encyclopedia of Mathematics, EMS Press. Weisstein, Eric W. Gradient. Matmir. Extracted from the
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