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Integrals of inverse trigonometric functions

In this section, we focus on integrals that lead to inverse trigonometry functions. We've worked with these features before. Remember from features and graphs that trigonometry features are not one-to-one unless domains are restricted. When working with the reverse functions of trigonometric functions, we must always
be careful to take these limitations into account. We have also developed formulas for inverse trigonometric derivatives in derivatives in derivatives. Formulas created there directly create integration formulas that include inverse trigonometry functions. Let's start with this last part of the chapter from the three formulas.
Together with these formulas, we use a substitute to evaluate the integral. We prove the reverse sine integral formula. The following integration formulas give inverse trigonometry functions: [latex]\int \frac{du}{\sqrt{{{a}^{2}-{u}^{2}}}={ \sin }^{-1}\frac{u}{a}} +C[/latex] [latex]\int \frac{du}{{a}^{2}+{u}^{2}}=\frac{1}
{a}\phantom{\rule{0.05em}{0ex}}{ \tan }^{-1}\frac{u}{a}+C[/latex] [latex]\int \frac{du}{u\sqrt{{u}^{2}-{a}^{2}}}=\frac{1}{a}\1 phantoms{\rule{0.05em}{0ex}}{ \sec}^{-1}\frac{u}{a}+C[/latex] Let [latex]y={ \sin }^{-1}\frac{x}{a}. [/latex] Then [latex]a \sin y=x.[/latex] Now use the implied differentiation. We receive [latex]\begin{array}
{ccc}\hfill \frac{d}{dx}(a \sin y)&amp; =\hfill &amp; \frac{d}{dx}(x)\hfill \\ \\hfill a \cos y\frac{dy}{dx}&amp;=hfill &amp; =\hfill &amp; 1\hfill \\hfill \frac{dy}{dx}&amp; =\hfill &amp; \frac{1}{a \cos y}.\hfill \end{array}[/latex] [latex]-\frac{\pi }{2}\le y\frac{\pi }{2}, \cos y\ge 0. [/latex] So, by applying the Pythagorean identity [latex]{ \sin
}^{2}y+{ \cos }^{2}y=1,[/latex], we have [latex] \cos y=\sqrt{1={ \sin }^{2}y}. [/latex] This gives [latex]\begin{array}{cc}\frac{1}{a \cos y}\hfill &amp; =\frac{1}{a\sqrt{1-{ \sin}^{2}y}}\hfill \\ \\ &amp; =\frac{1} }\sqrt{{{a}^{2}-{a}^{2}{ \sin }^{2}y}}\hfill \\ &amp; =\frac{1}{\sqrt{{a}^{2}-{x}^{2}}}.\hfill \end{array}[/latex] Then [latex]\text{−}a\le
x\le a,[/latex] we have [latex]\int \frac{1}{\sqrt{{{a}^{2}-{2}-{2} {u}^{2}}}du={ \sin}^{-1}(\frac{u}{a}})+C.[/latex] □ Evaluate the neo-flagelity integral [latex]{\int }_{0}^{1}\frac{dx}{\sqrt{1-{x}^{2}}}} [/latex] We can go directly to the antiderivative formula in the integration formula rule, which leads to reverse trigonometry functions,
and then evaluate the clear integral. We have [latex]\start{array}{}\\\ \\{int }_{0}^{1}\frac{dx}{\sqrt{1-{x}^{2}}}\hfill &amp; ={ \sin }^{-1}x{|} _{0}^{1}\hfill \\ &amp; ={ \sin}{-1}1-{ \sin }^{-1}0\hfill \\ &amp; =\frac{\pi }{2}-0\hfill \\ &amp;\frac{\pi}{2}.\hfill \end{array}[/latex] Find [latex] \frac{dx}{\sqrt{1-16{x}^{2}}} antiderivative. [/latex]
integral [latex]\int \frac{dx}{\sqrt{4-9{x}^{2}}}. [/latex] Replace [latex]u=3x.[/latex] Then [latex]two=3dx[/latex] and we have [latex]\int \frac{dx}{\sqrt{4-9{x}^{2}}}=\frac{1}{3}\int \frac{dx}{\sqrt{4-9{x}^{2}}}=\frac{1}{3}\int Applying a formula with [latex]a=2,[/latex], we get [latex]\begin{array}{cc}\int \frac{dx}{\sqrt{4-9{x}^{2}}}\hfill
&amp; =\frac{1}{3}\int \frac{du}{\sqrt{4-{u}^{2}}}\hfill \\ \\ \\frac{1}{3}{ \sin }^{-1}(\frac{u}{2})+C\hfill \\ &amp; =\frac{1}{3}{ \sin }^{-1}(\frac{3x}{2})+C.\hfill \end{array}[/latex] Find null integral using reverse trigonometry function and [latex] change\int \frac{dx}{\sqrt{9-{x}^{2}}}. [/latex] Rate nea integral [latex]{\int
}_{0}^{\sqrt{3}\text{/}2}\frac{du}{\sqrt{1-{u}^{2}}}. [/latex] There are six reverse trigonometry functions. However, the integration formula rule, which causes inverse trigonometry functions, selects only three integration formulas because the remaining three are negative versions of our use. The only difference is whether
integration is positive or negative. Instead of memorizing three more formulas, if the integrand is negative, simply split -1 and evaluate the integral using one of the formulas that have already been provided. To close this section, we examine another formula: An integral that results in a reverse tangent function. Locate
the [latex] \int \frac{1}{1+4{x}^{2}}dx antiderivative. [/latex] Use a substitute to find [latex] \int \frac{dx}{25+4{x}^{2}}. [/latex] Locate the [latex] \int \frac{1}{9+{x}^{2}}dx antiderivative. [/latex] Apply the formula with [latex]a=3. [/latex] Then [latex]\int \frac{dx}{9+{x}^{2}}=\frac{1}{3}\phantom{\rule{0.05em}{0ex}}{ \tan \^{-1}
(\frac{x}{3})+C.[/latex] Find [latex] \frac{dx}{16+{x}^{2}} antiderivative. [/latex] Rate nea integral [latex]{\int }_{\sqrt{3}\text{/}3}^{\sqrt{3}}\frac{dx}{1+{x}^{2}}. [/latex] Rate nea integral [latex]{\int }_{0}^{2}\frac{dx}{4+{x}^{2}}. [/latex] In the following exercises, evaluate each integral in terms of reverse trigonometry. 1. [latex]{\int
}_{0}^{\sqrt{3}\text{/}2}\frac{dx}{\sqrt{1-{x}^{2}}}[/latex] 2. [latex] {\int }_{-1\text{/}2}^{1\text{/}2}\frac{dx}{\sqrt{1-{x}^{2}}}[/latex] 3. [latex] {\int }_{\sqrt{3}}^{1}\frac{dx}{\sqrt{1+{x}^{2}}}[/latex] 4. [latex] {\int }_{1\text{/}\sqrt{3}}^{\sqrt{3}}\frac{dx}{1+{x}^{2}}[/latex] 5. [latex] {\int }_{1}^{\sqrt{2}}\frac{dx}{|x|\sqrt{{x}^{2}-1}}[/latex] 6.
[latex] {\int }_{1}^{2\text{/}\sqrt{3}}\frac{dx}{{|x|\sqrt{{x}^{2}-1}}[/latex] In these exercises, locate each undefined integral using the appropriate substitutes. 7. [latex]\int \frac{dx}{\sqrt{9-{x}^{2}}}[/latex] 8. [latex]\int \frac{dx}{\sqrt{1-16{x}^{2}}}[/latex] 9. [latex]\int \frac{dx}{9+{x}^{2}}[/latex] 10. [latex]\int \frac{dx}{25+16{x}^{2}}
[/latex] 11. [latex]\int \frac{dx}{|x|\sqrt{{x}^{2}-9}}[/latex] 12. [latex]\int \frac{dx}{|x|\sqrt{4{x}^{2}-16}}[/latex] 13. Explain the connection \cos }^{-1}t+C=\int \frac{dt}{\sqrt{1-{t}^{2}}}={ \sin }{-1}t+C.[/latex] Is it true, in general, in general, [latex] { \cos }^{-1}t=\text{−}{ \sin }^{-1}t? [/latex] 14. Please explain the connection to [latex]{
\sec}^{-1}t+C=\int \frac{dt}{{|t|#t|\sqrt{{t}^{2}-1}}==\text{−}{ \csc }^{-1}t+C.[/latex] Is it true, in general, the [latex]{ \sec }^{-1}t=\text{-}{ \csc }^{-1}t? [/latex] 15. Explain what is wrong with the following integrals: [latex]{\int }_{1}^{2}\frac{dt}{\sqrt{1-{t}^{2}}}. [/latex] 16. Explain what is wrong with the following integrals: [latex]{\int
}_{-1}^{1}\frac{dt}{{t|\sqrt{{t}^{2}-1}}. [/latex] Use [latex] [latex]f[/latex] anti-tuning [latex]\int f[/latex] with [latex]C=0,[/latex] in the following exercises, then use a calculator for graph [latex]f[/latex] and anti-alignment over a certain range [latex]\left[a,b\right]. [/latex] Set the C value so that adding C to antiderivative restores the
definite integral [latex]F(x)={\int }_{a}^{x}f(t)dt. [/latex] 17. [T] [latex]\int \frac{1}{\sqrt{9-{x}^{2}}}dx[/latex] via [latex]\left[-3,3\right][/latex] 18. [T] [latex]\int \frac{9}{9+{x}^{2}}dx[/latex] via [latex]\left[-6,6\right][/latex] 19. [T] [latex]\int \frac{ \cos x}{4+{ \sin }^{2}x}dx[/latex] via [latex]\left[-6,6\right][/latex] 20. [T] [latex]\int
\frac{{e}^{x}}{1+{e}{2x}}dx[/latex] through [latex]\left[-6,6\right][/latex] In these exercises, calculate the anti-tuning calculation using the appropriate substitutes. 21. [latex]\int \frac{{ \sin }^{-1}tdt}{\sqrt{1-{t}^{2}}}[/latex] 22. [latex]\int \frac{dt}{{ \sin }^{-1}t\sqrt{1-{t}^{2}}}[/latex] 23. [latex]\int \frac{{ \tan }^{-1}(2t)}
{1+4{t}^{2}}dt[/latex] 24. [latex]\int \frac{t{ \tan }^{-1}({t}^{2})}{1+{t}^{4}}dt[/latex] 25. [latex]\int \frac{{ \sec }^{-1}(\frac{t}{2})}{{t|\sqrt{{t}^{2}-4}}dt[/latex] 26. [latex]\int \frac{t{ \sec }^{-1}({t}^{2})}{{t}^{2}\sqrt{{t}^{4}-1}}dt[/latex] in these exercises, use the calculator for the anti-combinationative [latex]\int f[/latex] chart with
[latex]C=0[/latex] within a certain range [latex]\left[a,b\right]. [/latex] If possible, the approximate value of C is that adding C to the antiderivative gives the same value as the definite integral [latex]F(x)={\int }_{a}^{x}f(t)dt. [/latex] 27. [T] [latex]\int \frac{1}{x\sqrt{{x}^{2}-4}}dx[/latex] via [latex]\left[2,6\right][/latex] 28. [T]
[latex]\int \frac{1}{(2x+2)\sqrt{x}}dx[/latex] via [latex]\left[0,6\right][/latex] 29. [T] [latex]\int \frac{( \sin x+x \cos x)}{1+{x}^{2}{ \sin }^{2}x}dx[/latex] via [latex]\left[-6,6\right][/latex] General antiderivative is [latex]{ \tan }^{-1}(x \sin x)+C.[/latex] Taking [latex]C=\text{-}{ \tan }{-1}(6 \sin (6)))[/latex] restores a clear integral. 30. [T]
[latex]\int \frac{2{e}^{-2x}}{\sqrt{1-{e}^{-4x}}}dx[/latex] per 31. [T] [latex]\int \frac{1}{x+x{\text{ln}}^^{2}x}[/latex] via [latex]\left[0,2\right][/latex] Common Anti [latex]{ \tan }^{-1}(\text{ln}x)+C.[/latex] Taking [latex]C=\frac{\pi }{2}={ }{2}={ }^{-1}\infty [/latex] restores the lingering integral. 32. [T][latex]\int \frac{{ \sin}^{-1}x}{\sqrt{1-
{x}^{2}}}[/latex] via [latex]\left[-1,1\right][/latex] In this exercise, calculate each integral using appropriate substitutes. 33. [latex]\int \frac{{e}^{x}}{{\sqrt{1-{e}^{2t}}}dt[/latex] 34. [latex]\int \frac{{e}^{t}}{1+{e}^{2t}}dt[/latex] 35. [latex]\int \frac{dt}{t\sqrt{1-{\text{ln}}^{2}t}}[/latex] 36. [latex]\int \frac{dt}{t(1+{\text{ln}}^{2}t)}[/latex]
37. [latex]\int \frac{{ \cos }^{-1}(2t)}{\sqrt{1-4{t}^{2}}}dt[/latex] 38. [latex]\int \frac{{e}^{t}{ \cos}^{-1}({e}^{t})}{\sqrt{1-{e}^{2t}}}dt[/latex] In these exercises, calculate each non-a-country integral. 39. [latex]{\int }_{0}^{1\text{/}2}\frac{ \tan ({ \sin}^{-1}t){}\sqrt{1-{t}^{2}}}dt[/latex] 40. [latex] {\int }_{1\text{/}4}^{1\text{/}2}\frac{ \tan ({
\cos}{-1}t){\sqrt{1-{t}^{2}}}dt[/latex] 41. [latex] {\int }_{0}^{1\text{/}2}\frac{ \sin ({ \tan }^{-1}t)}{1+{1}t)}{1+{t}^{2}}dt[/latex] 42. [latex] {\int }_{0}^{1\text{/}2}\frac{ \cos ({ \tan }^{-1}t)}{1+{1}t)}{1+{t}^{2}}dt[/latex] 43. [Latex] A&gt;0,[/latex] calculates [latex]I(A)={\int}_{\text{-}A}^{A}\frac{dt}{1+{t}^{2}}[/latex] and evaluate
[latex]\underset{a\a\in \infty }{\text{lim}}I(A),[/latex] area, in the [latex] chart]\frac{1}{1+{t}^{2}}[/latex] [latex]\left[\text{−}\infty ,\infty \right]. [/latex] 44. [Latex]1&lt;B&lt;\infty ,[/latex] calculation [latex]I(B)={\int }_{1}^{B}\frac{dt}{t\sqrt{t}^{2}-1}}[/latex] and estimate [latex]]\underset{B\to \infty }{\text{lim}}I(B),[/latex] area under
[latex]\frac{1}{t\sqrt{{t}^{2}-1}}[/latex] chart via [latex][1,\infty]. [/latex] 45. Use the [latex]u=\sqrt{2} \cot x[/latex] and identity [latex]1+{ \cot }^{2}x={ \csc }^{2}x[/latex] to evaluate [latex]\int \frac{dx}{1+{ \cos}^{2}x}. [/latex] (Hint: Multiply the top and bottom of the integrando from [latex]{ \csc }^{2}x.[/latex]) 46. [T] Approximate
points where [latex]f(x)=2{x}^{2}-1[/latex] and [latex]g(x)={(1+4{x}^{2})}^{-3\text{/}2}[/latex] graphs, and approximately approximately the area between their graphs, accurate to three decimal places. 47. [T] Approximately the points at which the [latex]f(x)={x}^{2}-1[/latex] and [latex]f(x)={x}^x}^{2} to 1[/latex] graphs
intersect, and approximately the area between their graphs with an accuracy of one decimal places. 48. Use this diagram to to prove that [latex]{\int -_{0}^{x}\sqrt{1-{t}^{2}}dt=\frac{1}{2}x\sqrt{1-{x}^{2} }+\frac {1}{2}\phantom{\rule{0.05em}{0ex}}{ \sin}^{-1}x.[/latex] }^{-1}x.[/latex]
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